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Abstract
This paper classiﬁes the ﬁnite groups that occur as inertia groups associated to abelian
surfaces. These groups can be viewed as Galois groups for the smallest totally ramiﬁed extension
over which an abelian surface over a local ﬁeld acquires semistable reduction. The results extend
earlier elliptic curves results of Serre and Kraus.
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1. Introduction and statements of main results
In this paper we classify the ﬁnite groups that occur as inertia groups associated to
abelian surfaces. We ﬁrst prove a group theoretic result, Theorem 1.3, that does not
involve the theory of abelian varieties. Namely, we deﬁne a class of groups that are
inertia groups in the sense of having a unique Sylow p-subgroup with cyclic quotient,
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and also have a compatible system of representations into GL(Z)× Sp2(Q) for all
 = p (with  and  ﬁxed), where Sp2(R) denotes the group of 2 × 2 symplectic
matrices over R. We determine exactly which groups can occur when  + 2. In
Theorems 1.7 and 1.8 we show that these groups are exactly the groups that occur as
inertia groups associated to abelian surfaces over local ﬁelds as in [6] (see pp. 354–
355; see also Section 4 of [24]). This extends earlier elliptic curve results of Serre and
Kraus (see Remark 1.5). The proofs in this paper use results from [24] (see also [25]
for related results), which were heavily inﬂuenced by the theory of Grothendieck and
Serre.
Deﬁnition 1.1. We say G is (p, , )-inertial if G is a ﬁnite group, either p = 0 or p
is a prime, and  and  are non-negative integers that satisfy:
(i) if p = 0 then G is cyclic; if p > 0 then G is an extension of a cyclic group of
order prime to p by a p-group;
(ii) for all primes  = p there is an injection
G ↪→ GL(Z)× Sp2(Q)
such that the projection map onto the ﬁrst factor is independent of , and the
characteristic polynomial of the projection of any element onto the second factor
has integer coefﬁcients independent of .
Note that (i) implies that G is solvable, and has a unique Sylow p-subgroup if p > 0.
Note that (ii) implies that the character associated to the representation of G on Q2
takes integer values and is independent of  (= p); it follows that the dimension of
the space (Q2 )G of G-invariants is independent of .
Next we deﬁne notation for ﬁnite groups of small order. Let Cn denote the cyclic
group of order n, let D8 (respectively, Q8) denote the dihedral (respectively, quaternion)
group of order 8, and let T12 denote the nontrivial semidirect product of C3 by C4. Let
H24 denote the nontrivial semidirect product of C3 by C8. Let H20 denote the semidirect
product of C5 by C4 where a generator of C4 acts on C5 as an automorphism of order
2. Let H40 denote the semidirect product of C5 by C8 where a generator of C8 acts
on C5 as an automorphism of order 4. (Note that H20 is a (normal) subgroup of H40.)
Let H36 denote the semidirect product of C3 × C3 by C4 where a generator of C4
takes elements of C3 × C3 to their inverses. Let H72 denote the semidirect product
of C3 × C3 by C8 where a generator of C8 acts on C3 × C3 as an automorphism
of order 4. Let H128 denote the semidirect product of Q8 × Q8 by C2, with C2
acting by exchanging the factors. Let H160 denote the nontrivial semidirect product of
H32 by C5, where H32 is the subgroup of H128 generated by the C2, the diagonal
Q8 ⊂ Q8 ×Q8, and the center (∼= C2 × C2) of the Q8 ×Q8. Let S128 denote the set
of subgroups ( = 1) of H128. Let S4(5) denote the set of subgroups of Sp4(F5) that are
nontrivial semidirect products of a subgroup of H128 by C3 and have no elements of
order 24.
Note that SL2(F3) is the only nontrivial semidirect product of Q8 by C3.
180 A. Silverberg, Yu. G. Zarhin / Journal of Number Theory 110 (2005) 178–198
Deﬁnition 1.2. Suppose either p = 0 or p is a prime. Deﬁne ﬁnite sets of ﬁnite groups
as follows:
p(0, 0) = {1};
p(1, 0) = {C2},
(0, 1) = {C2, C3, C4, C6},
2(0, 1) = (0, 1) ∪ {Q8,SL2(F3)},
3(0, 1) = (0, 1) ∪ {T12},
p(0, 1) = (0, 1) otherwise;
2(1, 1) = 2(0, 1) ∪ {C2 × C2, C2 × C4, C2 × C6, C2 ×Q8, C2 × SL2(F3)},
p(1, 1) = p(0, 1) otherwise;
2(2, 0) = (0, 1) ∪ {C2 × C2,D8},
3(2, 0) = (0, 1) ∪ {S3},
p(2, 0) = (0, 1) otherwise;
(0, 2) = (0, 1) ∪ {C5, C8, C10, C12},
2(0, 2) = (0, 2)∪
{C2 × C6, C4 × C6, C3 ×Q8, C3 ×D8, C6 ×Q8, H160} ∪ S128 ∪ S4(5),
3(0, 2) = (0, 2) ∪ {C3 ×C3, C3 ×C6, S3, C3 × S3, T12, C3 × T12, H24, H36, H72},
5(0, 2) = (0, 2) ∪ {H20, H40},
p(0, 2) = (0, 2) otherwise.
Note that if G ∈ p(, ), then G is (p, , )-inertial. (We show in Section 4 that
if G ∈ p(0, 2), then G ⊂ GL2(Hp) ⊂ Sp4(Q) for every prime  = p, where Hp
is the quaternion algebra over Q ramiﬁed exactly at p and ∞.) The following result,
which we prove in Section 3, gives a converse, under the hypothesis + 2.
Theorem 1.3. If G is (p, , )-inertial, G = 1, and + 2, then G ∈ p(, ).
Remark 1.4. The set S4(5) consists of the groups
SL2(F3),SL2(F3)× C2,SL2(F3)× C4,SL2(F3)×Q8,
and the groups that the computational group theory program GAP [5] calls
[48, 28], [48, 29], [48, 33], [96, 67], [96, 191], [96, 202], [192, 1022], [384, 618],
where [a, b] denotes the bth group on GAP’s list of groups of order a. Note that
[384, 618] is the normalizer in Sp4(F5) of its Sylow 2-subgroup H128, and SL2(F3),
SL2(F3)× C2, [48, 33], [96, 202], and [192, 1022] are subgroups of it.
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Next, we apply Theorem 1.3 to inertia groups associated with abelian surfaces.
Throughout this paper, A is a d-dimensional abelian variety over a ﬁeld F, v is a
discrete valuation on F of residue characteristic p0 with perfect residue ﬁeld, and 
is a prime different from p. Fix an extension v¯ of v to a separable closure F s of F,
and write Iv for the inertia subgroup in Gal(F s/F ) for v¯. Let
,A : Gal(F s/F )→ GL(V(A))
be the -adic representation, where V(A) is the -adic Tate module. Let Gv,A denote the
(ﬁnite) group of connected components of the Zariski closure of ,A(Iv) in GL(V(A)).
In [6] (see pp. 354–355), Grothendieck deﬁned a subgroup I ′ of Iv with the property
that A has semistable reduction at the restriction w of v¯ to a ﬁnite separable extension
of F if and only if Iw ⊆ I ′. In particular, if F˜ denotes the maximal unramiﬁed
extension of the completion of F at v, then I ′ cuts out the smallest Galois extension
of F˜ over which A has semistable reduction. We denote the group I ′ by Iv,A because
of its dependence on A and v. Then Gv,A = Iv/Iv,A (see Theorem 4.2 of [24]), and
the ﬁnite group Gv,A encodes information about the extensions over which A acquires
semistable reduction. See Section 6 (especially Corollary 4.1) of [12] for a discussion
of Gv,A when A is a Jacobian.
Remark 1.5. As shown in [18] (p. 312) and [11], if E is an elliptic curve with non-
semistable (i.e., additive) reduction, then Gv,E ∈ p(0, 1) if the reduction is potentially
good, and Gv,E ∈ p(1, 0) if the reduction is potentially multiplicative. Conversely, if
G ∈ p(0, 1) (resp., p(1, 0)), then there are a discrete valuation ﬁeld F with residue
characteristic p and an elliptic curve E over F with additive and potentially good (resp.,
potentially multiplicative) reduction such that Gv,E ∼= G.
In Theorems 1.7 and 1.8 below we use Theorem 1.3 to extend this elliptic curve
result to the case of abelian surfaces. Theorem 1.7 implies, for example, that if A has
purely additive and potentially multiplicative reduction, then either Gv,A is a cyclic
group of order 2, 3, 4, or 6, or p = 2 and Gv,A is C2×C2 or D8, or p = 3 and Gv,A
is S3, while Theorem 1.8 says that all these groups occur.
If w is the restriction of v¯ to a ﬁnite separable extension L of F, let Aw denote
the special ﬁber of the Néron model of A at w. If A has semistable reduction at w,
let a(A) and t (A) (respectively, av(A) and tv(A)) denote the abelian and toric ranks
of Aw (respectively, Av). As in [6], we denote them by a, t, av , and tv when the
dependence on A is clear. Note that a and t are independent of the valuation w above
v at which A has semistable reduction, and we have t + a = d. The abelian variety A
has semistable reduction at v (i.e., Gv,A = 1) if and only if (t − tv, a − av) = (0, 0).
Remark 1.5 implies that if E is an elliptic curve, then Gv,E ∈ p(t − tv, a − av).
Lemma 1.6. If A is an abelian variety as above, then Gv,A is (p, t−tv, a−av)-inertial.
Proof. Deﬁnition 1.1(i) is satisﬁed for Gv,A and p, as can be seen by replacing F by
the maximal unramiﬁed extension of the completion of F at v, looking at the extension
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cut out by Iv,A, taking its maximal tamely ramiﬁed subextension, and applying Section
8 of [4]. By Theorem 5.2(i) of [24], Deﬁnition 1.1(ii) is satisﬁed. 
Conversely, Theorems 1.7, 1.8, and 1.3 together give the list of groups that can occur
as a Gv,A for abelian surfaces A, and imply in particular that given p, tv, t, av, a with
t + a = 2, all (p, t − tv, a− av)-inertial groups do in fact occur as Gv,A’s, for some v
and abelian surface A with the given p, tv, t, av, a.
Theorem 1.7. If A is an abelian surface, then Gv,A ∈ p(t − tv, a − av).
Proof. Apply Lemma 1.6 and Theorem 1.3. 
We prove the following result in Section 5 below.
Theorem 1.8. Suppose G ∈ p(2 − 1, 2 − 1), with 1, 2, 1, 2 ∈ Z, 012,
012, and 2 + 2 = 2. Then there are a ﬁeld F with a discrete valuation v of
residue characteristic p and an abelian surface A over F such that G ∼= Gv,A and
(tv, t, av, a) = (1, 2, 1, 2).
Remark 1.9. If a ﬁnite group can be realized as a group Gv,A for some A and v, then
so can each of its subgroups (for the same abelian variety A, and for the restriction of
v¯ to the subﬁeld of L cut out by the subgroup, where L is the smallest Galois extension
of F˜ over which A has semistable reduction; note that tv and av might increase).
It is natural to ask whether analogues of Theorems 1.7 and 1.8 hold for abelian
varieties in arbitrary dimension, i.e., does the set of non-trivial (p, t − tv, a − av)-
inertial groups G coincide with the set of Gv,A’s for abelian varieties A with the given
p, tv, t, av, a? The answer turns out to be no, as can be seen from Example 1.12 below,
which shows the necessity of imposing additional restrictions on G.
Deﬁnition 1.10. We say G is strongly (p, , )-inertial if G is (p, , )-inertial, and
the G-invariants (Z)G and (Q2 )G coming from Deﬁnition 1.1(ii) are zero.
As pointed out after Deﬁnition 1.1, the dimension of (Q2 )G is independent of .
Lemma 1.11. If A is an abelian variety, then Gv,A is strongly (p, t−tv, a−av)-inertial.
Proof. By Lemma 1.6, Gv,A is (p, t− tv, a−av)-inertial. Let w be an extension of v at
which A has semistable reduction, and let Tw (resp., Tv) denote the maximal subtorus
of Aw (respectively, Av). Without loss of generality, suppose F = F˜ . Over an algebraic
closure of the residue ﬁeld, there are exact sequences
0 → Tw → A0w → Bw → 0, 0 → Uv × Tv → A0v → Bv → 0,
where Bw and Bv are abelian varieties, Uv is a unipotent group, and the superscript
0 denotes the identity component (see Section 2.1 of [6]). We have tv = dim(Tv),
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t = dim(Tw), av = dim(Bv), a = dim(Bw), and (V(Tw))Gv,A = V(Tv). Let T ′
denote the image of Tv in Tw, and let T = Tw/T ′. Then T ′ = (T Gv,Aw )0, so T Gv,A
is ﬁnite. Thus (Zt−tv )Gv,A = 0. Similarly, letting B′ denote the image of Bv → Bw
and letting B = Bw/B′, then V(Bw)Gv,A = V(Bv), B′ = (BGv,Aw )0, BGv,A is ﬁnite, and
(Q
2(a−av)
 )
Gv,A = 0. 
Theorems 1.7, 1.8, and 1.3 and Lemma 1.11 imply in particular that the strongly
(p, , )-inertial groups are the same as the (p, , )-inertial groups, when + 2.
Example 1.12. Suppose that either p = 0 or p is a prime. Then C3 is (p, 3, 0)-inertial
but is not strongly (p, 3, 0)-inertial, as can be seen as follows. For every embedding
f : C3 = 〈g〉 ↪→ GL3(Z), the characteristic polynomial of f (g) is x3−1, so (Z3)C3 = 0.
By Lemma 1.11, there does not exist a three-dimensional abelian variety A with purely
additive and potentially multiplicative reduction such that Gv,A ∼= C3. Similarly, C5
is (p, 0, 3)-inertial but is not strongly (p, 0, 3)-inertial (as follows). We have C5 ⊂
Sp4(Q) ⊂ Sp6(Q). For  ≡ 2 or 3 (mod 5), we have that for every embedding
f : C5 = 〈g〉 ↪→ Sp6(Q), the characteristic polynomial of f (g) is (x5 − 1)(x − 1), so
(Q6)
C5 = 0. By Lemma 1.11, there does not exist a 3-dimensional abelian variety A
with purely additive and potentially good reduction such that Gv,A ∼= C5.
The answer to the following question is yes when 1 + 22 (by the results in this
paper), but is open when 1 + 23.
Question 1.13. If G is strongly (p, 2 − 1, 2 − 1)-inertial with 1, 2, 1, 2 ∈ Z,
012, and 012, do there exist a ﬁeld F with a discrete valuation v of
residue characteristic p and an abelian variety A over F such that G ∼= Gv,A and
(tv, t, av, a) = (1, 2, 1, 2)?
In Section 2 we prove some lemmas that are used in Section 3 to prove Theorem
1.3. In Section 4 we prove lemmas that are used in Section 5 to prove Theorem 1.8.
Our examples are mostly in the equicharacteristic case. It would be desirable to ﬁnd
examples also in mixed characteristic.
2. Lemmas for Section 3
Let m denote the mth cyclotomic polynomial (of degree (m)).
Lemma 2.1. If K is a ﬁeld of characteristic zero, and GLn(K) has an element of order
r > 1 whose characteristic polynomial has rational coefﬁcients, then we can write r =∏t
i=1mi with pairwise relatively prime integers mi > 1 such that
∑t
i=1 (mi)n. In
particular, if n = 2 then r divides 4 or 6, and if n = 4 then r divides 8, 10, or 12.
Proof. If g has order r, then xr − 1 is divisible by the minimal polynomial f (x)
of g over Q. Then f = d1 · · ·ds for some d1, . . . , ds where r = lcm{di}. Take
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pairwise relatively prime ni ∈ Z+ such that ni | di and r = ∏si=1 ni , and let{m1, . . . , mt } be the subset of {n1, . . . , ns} of elements = 1. Then r = ∏ti=1mi and∑t
i=1 (mi)
∑s
i=1 (di) = deg(f )n. 
Lemma 2.2. There does not exist a faithful four-dimensional symplectic representation
of D10 in characteristic zero whose character has only rational values.
Proof. This is easy to check, using the list of irreducible representations of D10 (see
for example Section 5.3 of [19] with n = 5). 
Lemma 2.3. If  is prime and  ≡ ±3 (mod 8), then the Sylow 2-subgroups of
Sp4(F) are isomorphic to H128.
Proof. The Sylow 2-subgroups of SL2(F) are isomorphic to Q8. We have Q8×Q8 ⊂
SL2(F) × SL2(F) ⊂ Sp4(F). The subgroup of Sp4(F) generated by Q8 × Q8 and(
0 I2
I2 0
)
is isomorphic to H128. Since the order of the Sylow 2-subgroups of Sp4(F)
is 27 = 128, we are done. 
Lemma 2.4. Suppose that G is a ﬁnite subgroup of Sp4(Q5), and S ⊆ G is a 2-group.
If there is a short exact sequence 1 → S → G → C5 → 1, then either G ∼= C5, or
G ∼= C10, or G ∼= H160 and S ∼= H32.
Proof. By Theorem 5.1 of [26], G ↪→ Sp4(F5), so S ↪→ H128. Fix c ∈ G ⊂ Sp4(Q5) of
order 5. Then V := Q45 is a one-dimensional vector space over Q5(5) ∼= Q5[c], and
EndQ5[c](V ) = Q5[c]. Thus every element of GL(V ) of ﬁnite order that commutes
with c is of the form acj where j ∈ Z, a ∈ Q5, and a4 = 1. Since c ∈ G ⊂ Sp4(Q5),
and ±1 are the only scalars in Sp4(Q5), the elements of G that commute with c are
the elements ±cj . Thus the centralizer of c in S lies in {±1} ⊂ Sp4(F5). If c commutes
with S then S ⊆ {±1}, so G ∼= C5 or C10.
Assume now that c does not commute with S. (Using GAP we can show that every
subgroup of H128 with an automorphism of order 5 is isomorphic to H32; however, we
also give below a theoretical proof of what we need.) Since S ⊂ Sp4(F5), C2×C2×C2
is not a subgroup of S. Thus the center Z of S is either cyclic or a product of two cyclic
groups. If S = 1 then Z = 1, since S is a 2-group. Let Z2 be the subgroup of Z of
elements of order 2. Then cZ2c−1 = Z2 and Z2 ∼= C2 or C2×C2. Since neither group
has an automorphism of order 5, c commutes with Z2. Thus Z2 = {±1} ⊂ S ⊂ Sp4(F5),
and Z2 is the centralizer of c in S. Write #S = 2r27. Since c does not commute
with S, we have S = Z2, so r > 1. Since conjugation by c has no ﬁxed points on
S − Z2, 5 divides #(S − Z2) = 2r − 2. Thus r = 5, i.e., #S = 32.
If S is abelian then S = Z. Since Z2 is cyclic, Z = S is also cyclic and thus has an
element of order 32. But H128 has no elements of order 32. So S is non-abelian.
Conjugation by c stabilizes Z, and #Z divides 128. If Z = Z2 then as above,
#(Z−Z2) is divisible by 5 and #Z = 32 = #S, so S = Z is abelian. This contradiction
shows that Z = Z2 = {±1}.
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Let S′ = S/Z, let Z′ (= 1) be the center of S′, let Z′2 be the subgroup of Z′ of
elements of order 2, and let H be the preimage of Z′2 in S. As above, #H = 32.
Thus S = H and S/Z = Z′2 ∼= (C2)4. Since S/Z is abelian, [S, S] = Z = {±1}.
Thus S is an extra-special 2-group (see Section 31 of [1]). By Lemmas 31.2–31.4 of
[1], S ∼= Q8 ∗ Q8 or Q8 ∗ D8, where ∗ denotes the “central product". The number
of non-central elements of order 2 in Q8 ∗Q8 is 18, which is not divisible by 5, so
Q8 ∗Q8 has no automorphism of order 5 whose set of ﬁxed points is the center. Thus
S ∼= Q8 ∗D8 ∼= H32. 
The next result follows from Proposition 3.3 of [24].
Theorem 2.5. Suppose that G is a ﬁnite group,  is a prime that does not divide #G,
and there is an injection
f : G ↪→ GL(Z)× Sp2(Q).
Then there is an injection
G ↪→ GL(Z)× Sp2(Z)
such that the projection map onto the ﬁrst factor is the same as that for f, and the
characteristic polynomial of the projection onto the second factor is the same as that
for f.
Let [ ] denote the greatest integer function, let
s(n, q) =
∞∑
j=0
[
n
qj (q − 1)
]
, J (n) =
∏
q
qs(n,q),
where in the deﬁnition of J (n), q runs over the prime numbers. Note that the prime
divisors of J (n) are the primes qn+1. For example, J (0) = 1, J (1) = 2, J (2) = 24,
and J (4) = 27325. The method of Minkowski and Serre ([15] and pp. 119–121 of [20];
see also Formula 3.1 of [23]) shows that, for all N3, J (2m) is the greatest common
divisor of the orders of the groups Sp2m(F), for primes N . Further (see p. 3
of [21]), J (n) is the least common multiple of the orders of the ﬁnite subgroups of
GLn(Q) (or equivalently, of GLn(Z)). For the ﬁnite subgroups of maximum order for
general linear groups over Q and over cyclotomic ﬁelds, see [3]. Let
rp(, ) = s(, p)+ s(2, p), M(, ) = max{, 2},
and for all primes q such that p = qM(, )+ 1 let
rq(, ) = 1+
[
logq
(
M(, )
q − 1
)]
.
186 A. Silverberg, Yu. G. Zarhin / Journal of Number Theory 110 (2005) 178–198
Let
Np(, ) =
∏
qrq(,),
where the product runs over all prime numbers qM(, ) + 1 (this might include
q = p). The following result follows from the proof of Corollary 6.3 of [24] (see also
Proposition 3.1 of [13]).
Theorem 2.6. If G is (p, , )-inertial, then the largest prime divisor of #G is at most
M(, )+ 1, and #G divides Np(, ) and J ()J (2).
3. Proof of Theorem 1.3
If (, ) = (1, 0), the result follows immediately from Deﬁnition 1.1(ii).
If (, ) = (0, 1), we have G ⊂ SL2(Z) for all sufﬁciently large primes , by
Deﬁnition 1.1(ii) and Theorem 2.5. This case can be handled the same way as Remark
1.5, where the allowable groups were already known.
The case (, ) = (1, 1) follows from the case (, ) = (0, 1).
If (, ) = (2, 0), we have G ⊂ GL2(Z). By p. 125 of [17], the ﬁnite subgroups of
SL2(Z) are the cyclic groups of order 1, 2, 3, 4, and 6. Therefore #G = 2, 3, 4, 6, 8,
or 12. Using Deﬁnition 1.1(i) and elementary facts about GL2(Z), it is easy to obtain
the list of allowable groups.
From now on, suppose (, ) = (0, 2). We have G ⊂ Sp4(Z) for all sufﬁciently
large primes . By Lemma 2.1 (with n = 4 and K = Q), if G has a cyclic subgroup
of order r then r divides 8, 10, or 12. In particular, G has no elements of order 24.
By Theorem 2.6, #G divides J (4) = 27325, and divides 23325 if p = 3 or 5. Suppose
from now on that G is not cyclic. Then p = 2, 3, or 5, and by Deﬁnition 1.1(i), there
is an exact sequence 0 → S → G → C → 0 where S (= 1) is the Sylow p-subgroup
of G and C is cyclic.
3.1. Suppose p = 5. Then S ∼= C5 and ker[C → Aut(S)] ⊆ C2. Thus C ∼= C2, C4,
or C8. Suppose C ∼= C2. By Lemma 2.2, G does not have a subgroup isomorphic to
D10. Thus G ∼= C10. Suppose now that C ∼= C4. Since G does not have a subgroup
isomorphic to D10, the subgroup C2 ⊂ C acts trivially on S. Since G is not C20,
we conclude that C acts nontrivially on S, and G ∼= H20. The remaining case is that
C8 ∼= CAut(S) = C4, so G ∼= H40.
3.2. Suppose p = 3. Then S ∼= C3 or C3 × C3, and ker[C → Aut(S)] ⊆ C4.
Suppose S ∼= C3. Then C ∼= C2, C4, or C8. If C ∼= C2, then G ∼= S3 or C6. If
C ∼= C4, then G ∼= T12 or C12. If C ∼= C8, then G ∼= H24.
Suppose now that S ∼= C3 × C3. Since #Aut(S) = #GL2(F3) = 243, we again have
C ∼= C2, C4, or C8.
Suppose C ∼= C2. If C acts trivially on S, then G ∼= C3 × C6. If there is an
isomorphism S ∼= C3 ×C3 such that a generator of C acts on S by (x, y) → (x−1, y),
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then G ∼= S3 × C3. The remaining case is that a generator of C acts as the inverse
map on S ∼= C3 × C3. Then S has four subgroups A1, . . . , A4 of order 3 such that
G/Ai ∼= S3. Thus G has two one-dimensional (orthogonal) representations of G/S ∼= C2
and a two-dimensional irreducible (orthogonal) representation of G/Ai ∼= S3 for each
i ∈ {1, 2, 3, 4}. Since #G = 18 = 2 × 12 + 4 × 22, these are the only irreducible
representations of G (see Corollary 2 in Section 2.4 of [19]). Thus G does not have a
faithful symplectic four-dimensional representation in characteristic zero, contradicting
Deﬁnition 1.1(ii).
Suppose now that C ∼= C4.
If C acts trivially on S, then C3×C12 ∼= G ⊂ Sp4(Q3). However, Sp4(Q3) does not
have a subgroup isomorphic to C3×C12, as can be seen as follows. If c is a generator
of C12 ⊂ Sp4(Q3), then Q3[c] ∼= Q3(12) or Q3(3)×Q3(4), and Q43 can be viewed
as a free rank one module over Q3[c]. Thus
C3 × C12 ⊂ AutQ3[c](Q43) = (Q3[c])∗.
However, neither Q3(12) nor Q3(3)×Q3(4) has a multiplicative subgroup isomorphic
to C3 × C12.
If a generator of C acts on S as the inverse map, then G ∼= H36.
If there is an isomorphism S ∼= C3 × C3 such that a generator of C acts on S by
(x, y) → (x−1, y), then G ∼= T12 × C3.
The remaining case is that a generator of C acts on S as an automorphism of
order 4. Then the element of order 2 in C takes an element of S to its inverse. Thus
G has an index two subgroup that is an extension of C2 by S ∼= C3 × C3, where the
generator of C2 acts as the inverse map on S. We showed above that this does not
occur.
Suppose C ∼= C8. Since C24 is not a subgroup of G, it follows that C cannot act
trivially on any subgroup of S of order 3.
Suppose that a generator c of C acts as the inverse map on S. Then c2 generates the
center of G. Since the cyclotomic polynomial 8(t) = t4 + 1 is irreducible over Q2,
it is the minimal polynomial of c ∈ G ⊂ GL4(Q2), and c4 = −1 ∈ GL4(Q2). Thus
Q2[c2] ∼= Q2(
√−1) = Q2(i) and so
C3 × C3 ∼= S ⊂ G ⊂ AutQ2[c2](Q42) ∼= GL2(Q2(i)).
Since every homomorphism from C3 × C3 to Q2(i)∗ is trivial, we have C3 × C3 ⊂
SL2(Q2(i)), which is false (every abelian subgroup of SL2 over a characteristic 0 ﬁeld
is cyclic), so this case cannot occur.
If a generator of C acts on S as an automorphism of order 4, then G ∼= H72.
Lastly, if a generator of C acts on S as an automorphism of order 8, then the element
of order 2 in C takes every element of S to its inverse. Thus G has a subgroup of
index four that is an extension of C2 by S, and the generator of C2 takes an element
of S to its inverse. We saw above that this cannot occur.
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3.3. Suppose p = 2. For all but ﬁnitely many primes , there is an embedding G ⊂
Sp4(F). By Lemma 2.3, S ⊂ H128.
If C = C5, then G ∼= C5, C10, or H160 by Lemma 2.4.
Suppose C = C3. Let c ∈ G be an element of order 3, and suppose c centralizes S.
Then G ∼= S × C3. Since C24 is not a subgroup of G, there are no elements of order
8 in G. By Deﬁnition 1.1(ii), we have G ⊂ Sp4(Q3). Since c is symplectic, 1 has
multiplicity 0 or 2 as an eigenvalue of c.
First suppose the multiplicity is 2. Let W1 = {x ∈ Q43 | cx = x}. Write Q43 = W1 ⊕
W2, where W2 is an S-invariant and c-invariant subspace (as is W1). Then dim(W1) =
dim(W2) = 2. Let I denote the image of S → GL(W1). Since the restriction of the
alternating form to W1 is non-degenerate, I ⊂ SL(W1) ∼= SL2(Q3). Choosing an I-
invariant Z3-lattice in W1 and reducing modulo
√−3 gives I ⊂ SL2(F3) (since 2 = 3).
Thus I ⊆ Q8. Let c2 be the image of c in GL(W2). Then c22 + c2 + 1 = 0 in
EndQ3(W2). Thus Q3[c2] ∼= Q3(
√−3), and W2 can be viewed as a one-dimensional
vector space over Q3(
√−3). Since the image of S → GL(W2) ∼= Q3(
√−3)∗ is a ﬁnite
2-group, it is in {±1}. Thus S ⊆ Q8 × {±1}, and G ⊆ Q8 × {±1} × C3 = Q8 × C6.
Suppose now that 1 is not an eigenvalue of c. Then c2 + c + 1 = 0 in M4(Q3),
Q3[c] ∼= Q3(
√−3), and Q43 can be viewed as a two-dimensional vector space over
Q3(
√−3). Thus S ⊂ GL2(Q3(
√−3)). Choosing an S-invariant Z3[
√−3]-lattice in
Q3(
√−3)2 and reducing modulo 3 gives S ⊂ GL2(F3). Since S has no elements of
order 8, the group GL2(F3) does, and the Sylow 2-subgroups of GL2(F3) have order
16, it follows that #S divides 8. Therefore S is C2, C4, C2×C2, C2×C4, Q8, or D8.
Thus G ∼= C6 × C2, C6 × C4, C3 ×Q8, or C3 ×D8.
Suppose now that c does not centralize S. By Deﬁnition 1.1, we have reduced to the
case where G ∈ S4(5).
4. Lemmas for Section 5
Grothendieck gave the assertion of Theorem 4.1 below as the deﬁnition of Iv,A. See
Theorem 4.2 of [24] for a proof of the following.
Theorem 4.1. Iv,A = { ∈ Iv :  acts unipotently on V(A)}.
Remark 4.2. If B = Am, then Gv,A and Gv,B are canonically isomorphic. Further, A
has purely additive and potentially good reduction if and only if B does. If m ∈ Z+
and either p = 0 or p is a prime, then by Remark 1.5, for every group G ∈ p(0, 1)
there is an m-dimensional abelian variety B over a discrete valuation ﬁeld of residue
characteristic p with purely additive and potentially good reduction and with Gv,B ∼= G.
Recall that F˜ denotes the maximal unramiﬁed extension of the completion of
F at v.
Theorem 4.3. Suppose B is an abelian variety over F˜ with semistable reduction, all
the endomorphisms of B are deﬁned over F˜ , L is a ﬁnite Galois extension of F˜ ,
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and G = Gal(L/F˜ ). If there is an injective homomorphism i : G ↪→ Aut(B), then
G ∼= Gv,A, where A is the twist of B by the cocycle c deﬁned by the composition
Gal(F˜ s/F˜ )Gal(L/F˜ ) = G ↪→ Aut(B).
Suppose further that B has good reduction. Then Bi(G) is ﬁnite if and only if A has
purely additive reduction (i.e., av(A) = tv(A) = 0).
Proof. Note that Gal(F˜ s/F˜ ) = Iv . By the deﬁnition of the twist, there is an isomor-
phism f : B ∼→ A such that c() = (f )−1f for every  ∈ Gal(F˜ s/F˜ ). We then have
,A() = (f ),B()f−1. Therefore,
Iv,A = { ∈ Iv : (f ),B()f−1 is unipotent}
= { ∈ Iv : ,B()c()−1 is unipotent} = { ∈ Iv : c() is unipotent} = ker(c),
where the ﬁrst equality follows from Theorem 4.1, the second after conjugating by
(f ), the third since ,B() is unipotent, and the fourth since c() has ﬁnite order.
Therefore,
Gv,A = Iv/Iv,A = Iv/ ker(c) ∼= Gal(L/F˜ ) = G.
Now suppose that B has good reduction. Then Iv acts as the identity on V(B).
Further, A has purely additive reduction if and only if V(A)Iv (∼= V(Av)) = 0. Recall
that c() = (f )−1f ∈ Aut(B) ⊂ Aut(V(B)). Then
V(A)
Iv = {x ∈ V(A) : (f ),B()f−1(x) = x for all  ∈ Iv}
= f ({y ∈ V(B) : (y) = (f )−1f (y) for all  ∈ Iv})
= f ({y ∈ V(B) : y = c()(y) for all  ∈ Iv}).
Further, {y ∈ B : y = c()(y) for all  ∈ Iv} = Bi(G). Therefore,
V(A)
Iv = V(Bi(G)).
Clearly, if dim(Bi(G)) > 0 then Bi(G) has an abelian subvariety of positive dimension
and therefore V(Bi(G)) = 0. Thus Bi(G) is ﬁnite if and only if V(A)Iv = 0. 
Remark 4.4. If A has potentially good reduction then V(A)Iv = V(A)Gv,A . Hence A
has purely additive reduction if and only if V(A)Gv,A = 0.
The following lemma gives evidence for the sharpness of Theorem 2.6.
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Lemma 4.5. Suppose either p = 0 or p is a prime. If n > 2, then there exist a ﬁeld K
with a discrete valuation v of residue characteristic p, and an abelian variety A over K
of dimension (n)/2, with purely additive and potentially good reduction at v and with
Gv,A ∼= Cn. Further, if n is the order of an element of ﬁnite order in GL2d ′(Z), then
dim(A)d ′. If 2d + 1 is a prime, then there exists a d-dimensional abelian variety A
such that Gv,A ∼= C2d+1 and Qv,A = M(t − tv, a − av)+ 1 = 2d + 1.
Proof. Choose an abelian variety B of dimension (n)/2 with complex multiplication
by Z[n] and with good reduction over F˜ , where F is a sufﬁciently large extension of
Qp(n) if p is prime, and F = F˜ = C((t)) if p = 0 (see Sections 4–5 of [22]). Let L
be a totally ramiﬁed cyclic extension of F˜ of degree n. Let A be the twist of B by
the cocycle induced by the composition
Gal(F˜ s/F˜ )Gal(L/F˜ ) ∼= Cn ↪→ Aut(B).
By Theorem 4.3, A is an abelian variety over F˜ of dimension (n)/2 with potentially
good reduction, and Gv,A ∼= Gal(L/F˜ ) ∼= Cn. Since 1− n is an isogeny, it has ﬁnite
kernel, so B	n is ﬁnite and A has purely additive reduction (and so M(t− tv, a−av) =
2 dim(A)). 
We next prove results that will be used to prove Theorem 4.11 below.
Suppose G is a ﬁnite group, and K is a ﬁeld complete with respect to a discrete
valuation v with valuation ring O, maximal ideal m, and residue ﬁeld k. Suppose #G is
not divisible by the characteristic of k. By Proposition 43 in Section 15.5 of [19], every
ﬁnite-dimensional representation ¯ : G→ Autk(W) can be lifted in a unique way (up to
isomorphism) to  : G→ AutO(T ), where T is a free O-module with T/mT = W , and
¯ is  modulo m. The lifting of a trivial G-module is also a trivial G-module. A bilinear
form e : T ×T → O is called perfect if the induced homomorphisms T → Hom(T ,O)
are bijective.
Lemma 4.6. With notation and assumptions as above, suppose ¯ is symplectic, i.e.,
there exists a non-degenerate alternating G-invariant bilinear form
e¯ : W ×W → k.
Then there exists a perfect alternating G-invariant O-bilinear form
e : T × T → O
that is a lift of e¯.
Proof. Since #G is not divisible by char(k), by Maschke’s theorem there exists a
k[G]-module S¯ such that
Homk(∧2k(W), k) = (Homk(∧2k(W), k))G ⊕ S¯.
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Let (projective O[G]-modules) U and S be the liftings of (Homk(∧2k(W), k))G and S¯,
respectively. Then U is a trivial G-module. We have
HomO(∧2O(T ),O) = U ⊕ S,
since both sides are liftings of Homk(∧2k(W), k). Choose
e ∈ U ⊂ (HomO(∧2O(T ),O))G
such that the reduction of e is e¯. The non-degeneracy of e¯ implies that e is
perfect. 
If p is a prime, let Hp denote the quaternion algebra over Q ramiﬁed exactly at p
and ∞.
Theorem 4.7. Suppose G is a ﬁnite group that is a semidirect product of a normal
Sylow p-subgroup by a cyclic group. Suppose that 
 is a faithful irreducible character
of G of degree d.
(i) If 
 takes values in an imaginary quadratic ﬁeld E ⊂ Hp, then G is isomorphic
to a subgroup of GLd(Hp).
(ii) If 
 is symplectic and takes values in Q, then G is isomorphic to a subgroup of
GLd/2(Hp).
Proof. Write Q(
) (resp., E(
)) for the subﬁeld of C obtained by adjoining to Q
(respectively, to E) all values of 
. In case (i) we have Q(
) = Q or E, and E(
) = E;
in case (ii) we have Q(
) = Q.
Let V be a faithful irreducible C[G]-module with character 
. Write the (semisimple)
Q(
)-algebra Q(
)[G] as a direct sum
Q(
)[G] = ⊕si=1Ai
of simple Q(
)-algebras Ai . By Lemma 24.7 of [1], there is exactly one j ∈ {1, . . . , s}
such that AjV = 0, and the center of Aj is Q(
). The central simple C-algebra
Aj,C := Aj ⊗Q(
) C is a direct summand of C[G], and Aj,CV = 0. By the same
lemma, these properties deﬁne Aj,C uniquely. Explicitly, the unit of Aj,C is
e
 := 
(1)#G
∑
g∈G

(g−1)g ∈ Q(
)[G].
Identifying Aj with Aj⊗1 ⊂ Aj,C, then Aj = e
(Q(
)[G]), so D
 := Aj determines 

uniquely. Note that e
 acts on V as the identity map. We have dimQ(
)D
 = 
(1)2 = d2
(see [1], proof of Theorem 24.12(4)).
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Clearly, D
 is a central simple Q(
)-algebra and thus there exist a central division
algebra B over Q(
) and a positive integer n such that D
 ∼= Mn(B). We have d2 =
n2 dimQ(
)(B). The Q(
)-vector space Bn is naturally a faithful simple D
 = Mn(B)-
module. Via the projection map Q(
)[G]D
 deﬁned by x → x ·e
, we can view Bn
as a simple Q(
)[G]-module with e
 acting as the identity map. Thus Bn ⊗Q(
) C ∼=
V s(
), where s(
) is the Schur index of 
, i.e., s(
)2 = dimQ(
)(B) ([1], Theorem
24.14). Since V is a faithful C[G]-module, Bn is a faithful Q(
)[G]-module, i.e.,
 : G → AutQ(
)(Bn) is injective. Since Bop = EndQ(
)[G](Bn) = EndMn(B)(Bn), we
have an embedding
 : G ↪→ GLn(Bop).
Note that Bop ∼= B if either B = Q(
) or B is a quaternion algebra over Q(
).
If K is an arbitrary ﬁeld containing Q(
), then 
 is realizable over K if and only
if D
 splits over K ([1, Theorem 24.8(b)]). Thus 
 is realizable over K if and only if
Bop splits over K.
Let  be a prime different from p. Serre [16] proved that, for G a semidirect product
of a normal Sylow p-subgroup by a cyclic group, the group algebra Q[G] is a direct
sum of matrix algebras over (commutative) ﬁelds. Thus if Q ⊆ K , then K[G] is also
a direct sum of matrix algebras over ﬁelds, so every character with values in K is
realizable over K. Thus D
, and therefore Bop, is unramiﬁed at all non-archimedean
places of Q(
) with residue characteristic different from p.
Suppose Q(
) = E. Then
Q(
)⊗Q Qp = E ⊗Q Qp ⊂ Hp ⊗Q Qp,
so E⊗QQp is a ﬁeld. Thus there is exactly one place of E with residue characteristic
p, and Bop is unramiﬁed away from this place. Since E is an imaginary quadratic
ﬁeld, it follows that Bop is unramiﬁed everywhere. Thus B = Q(
) = E, n = d, and
 : G ↪→ GLd(E) ⊂ GLd(Hp).
Suppose Q(
) = Q. Then Bop is unramiﬁed outside p and ∞. Thus either Bop =
Q(
) = Q and n = d , or Bop = Hp and n = d/2. We have
 : G ↪→ GLd(Q) ⊂ GLd(Hp)
or
 : G ↪→ GLd/2(Hp),
respectively.
If 
 is symplectic then it is not realizable over R ([19], Section 13.2, Proposition
38), so Bop is ramiﬁed at ∞, so Bop = Q. 
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Lemma 4.8. Suppose H is a subgroup of Sp4(F5) of order 2m3n that does not have
any elements of order 24. Then the values of the character of its lifting
H ↪→ Sp4(Q5) ⊂ GL4(Q5)
all lie in Q.
Proof. Since the order of H is prime to 5, there is exactly one lifting H ↪→ GL4(Q5)
of H ⊂ Sp4(F5) ⊂ GL4(F5). By Lemma 4.6, this lifting is symplectic and thus we
have a faithful symplectic representation
 : H ↪→ Sp4(Q5) ⊂ GL4(Q5).
Suppose that d is the order of some element x ∈ H . Then d is a divisor of 8 or 12.
Since  is self-dual, the values of its character 
 all lie in R, and thus 
(x) is in the
totally real subﬁeld of Q(d). If d ∈ {1, 2, 3, 4, 6}, then 
(x) ∈ Q. The remaining cases
are d = 8 and d = 12.
Suppose ﬁrst that (x) has a primitive dth root of unity  as an eigenvalue. Then
 /∈ Q5. Since (x) is “deﬁned” over Q5, 5 is another eigenvalue of (x). Since
(x) is symplectic, −1 and −5 are eigenvalues of (x). By counting arguments (i.e.,
since (d) = 4), the spectrum of (x) is the set of primitive dth roots of unity (each
with multiplicity one). Thus the characteristic polynomial of (x) is d , so the trace

(x) = 0 ∈ Q.
The remaining case to consider is when (x) has an eigenvalue i that is a primitive
fourth root of unity and an eigenvalue  that is a primitive sixth or cube root of
unity. Since (x) is symplectic, the spectrum of (x) is {i,−i,,−1} (each with
multiplicity one) and the trace 
(x) = + −1 = −1 or 1. 
As pointed out to us by Klaus Lux, the table on p. 146 of [9] shows that the degree
four Brauer character 16 of Sp4(F5) takes rational values on the elements of order
12, and this observation may be used to obtain a different proof of Lemma 4.8.
Theorem 4.9. Suppose G is a ﬁnite group with a normal Sylow 2-subgroup of index
3. Suppose 
 is a degree 2 faithful character of G. Assume that either:
(i) G is non-abelian and 
 is symplectic, or
(ii) G is non-abelian and the values of 
 are all in Q, or
(iii) 
 is symplectic and the values of 
 are all in Q.
Then G is isomorphic to a subgroup of SL2(F3).
Proof. Suppose ﬁrst that G is abelian and 
 is symplectic. Then G is cyclic, since G
is a ﬁnite subgroup of SL2(C). If further the values of 
 are all in Q, then #G divides
4 or 6. Since 3 | #G, we have G ∼= C3 or C6. Note that C3 ⊂ C6 ⊂ SL2(F3).
We may therefore suppose that G is not abelian. Then 
 is irreducible.
Assume ﬁrst that 
 is symplectic. Inspecting the list of ﬁnite subgroups of SL2(C)
([28], Case I of Theorem 6.17 on p. 404), we conclude that either G ∼= SL2(F3), or
G ∼= H4r =< x, y | xr = y2, yxy−1 = x−1 >,
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the generalized quaternion group of order 4r , for some positive integer r. Assume G ∼=
H4r . Since y has order 4, it is in the kernel of every homomorphism f : G → C3.
Thus f (x)−1 = f (yxy−1) = f (x), so f (x) = 1. Thus every homomorphism G→ C3
is trivial, contradicting our ﬁrst assumption on G.
Now assume instead that the values of 
 are all in Q. Since the values of 
 are all
real, 
 is either symplectic or orthogonal. We dealt with the symplectic case above, so
we may assume that 
 is orthogonal. Then 
 is realizable over R (by the Frobenius–
Schur theorem) and G ⊂ O2(R), the orthogonal group. Every element of G has order
dividing 6 or 4. Let G0 = G ∩ SO2(R). Then [G : G0] = 1 or 2, so 3 | #G0. Since
every ﬁnite subgroup of SO2(R) is cyclic, G0 is cyclic of order 3 or 6. If #G0 = 3,
then G ∼= S3, which does not have a normal Sylow 2-subgroup. Thus G0 = C6, and
G ∼= T12. But the Sylow 2-subgroups of T12 are not normal. 
Lemma 4.10. If O is a maximal order of Hp, G is a ﬁnite subgroup of GLr (Hp),
and r > 1, then there is an embedding G ↪→ GLr (O).
Proof. Let  ⊆ Hrp be a left G-stable O-lattice (for example, start with any lattice ′
and let  = ∑g∈G′g). Since r > 1,  ∼= Or by a result of Eichler ([2]; see also
Corollary 2.2 of [7]). Thus G ↪→ AutO() ∼= GLr (O). 
Theorem 4.11. Suppose G is a non-abelian subgroup of Sp4(F5) whose Sylow 2-
subgroup is normal of index 3 in G. Suppose G has no elements of order 24. Then
there is an embedding G ↪→ GL2(O) where O is the maximal order in the Hamilton
quaternions H2.
Proof. By Lemma 4.8, there exists a faithful symplectic complex character 
 of G of
degree 4 whose values are all rational. By Lemma 4.10, it sufﬁces to check that there
is an embedding G ↪→ GL2(H2). If 
 is irreducible then this follows from Theorem
4.7(ii). Assume now that 
 is reducible. Since G is non-abelian, 
 is not a sum of one-
dimensional characters. Thus 
 is a sum 
1 + 
2 of two-dimensional characters, where
we can assume 
2 is irreducible. For i = 1, 2, let i : G→ SL2(C) be a corresponding
representation with character 
i , and let Hi = i (G). Since 
 is symplectic, either 
1
and 
2 are symplectic, or 
1 and 
2 are complex conjugates of each other.
If 
1 is the complex conjugate of 
2, then ker(1) = ker(2) ⊆ ker(1 ⊕ 2). Since

 is faithful, so are 
1 and 
2. Since 
 = 
1 + 
2, the Galois orbit of 
2 is {
2} or
{
1, 
2}. Thus 
2 takes values in an imaginary quadratic ﬁeld. Applying Theorem 4.7(i)
to G and 
2, we have G ↪→ GL2(H2).
Assume now that 
1 and 
2 are symplectic. Since 
 takes values in Q, either 
1 and

2 both take values in Q, or 
1 and 
2 take values in a real quadratic ﬁeld and 
1 is
the Galois conjugate of 
2.
Suppose ﬁrst that 
1 and 
2 take values in a real quadratic ﬁeld and 
1 is the Galois
conjugate of 
2. Then ker(1) = ker(2), so 
1 and 
2 are faithful. Applying Theorem
4.9(i) to G and 
2, we have G ⊆ SL2(F3) ⊂ H∗2.
Suppose instead that 
1 and 
2 both take values in Q. If #Hi is divisible by 3,
then Hi ⊆ SL2(F3) by Theorem 4.9(iii). Suppose #H2 is not divisible by 3. If d is
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the exponent of H2 then 
2 is realizable over Q(d) (see the Corollary to Theorem
24 in Section 12.3 of [19]), so there is an absolutely irreducible faithful representation
H2 ↪→ SL2(Q(d)) ⊂ SL2(Q3(d)). Let  be the ring of integers of Q3(d). Choosing
an H2-stable -lattice in Q3(d)2 gives an embedding 3 : H2 ↪→ SL2(). Since #H2
is prime to 3, reduction modulo 3 gives an absolutely irreducible faithful representation
¯3 : H2 ↪→ SL2(/3) such that the character 
¯3 of ¯3 is the reduction mod 3 of 
2.
Since 
2 takes values in Q, it takes values in Z, so 
¯3 takes values in F3. By Theorem
24.10 of [1], ¯3 is realizable over F3, so there is an embedding H2 ↪→ SL2(F3). If

1 is irreducible, then similarly H1 ↪→ SL2(F3). If 
1 is a sum of two characters
of degree one, then H1 ⊂ SL2(C) is abelian, so is cyclic, and by Lemma 2.1 either
H1 ⊆ C4 ⊂ SL2(F3) or H1 ⊆ C6 ⊂ SL2(F3). Thus
G ↪→ H1 ×H2 ↪→ SL2(F3)× SL2(F3) ⊂ H∗2 ×H∗2 ↪→ GL2(H2). 
5. Proof of Theorem 1.8
Lemma 5.1. If k is an algebraically closed ﬁeld of prime characteristic p, then every
(p, , )-inertial group G can be realized as a Galois group Gal(L/k((t)) for a (totally
ramiﬁed) Galois extension L of k((t)).
Proof. Our proof follows [14]. Let H denote the absolute Galois group of k((t)),
and let 	ˆ denote the character group of the group of all roots of unity in k. Then
	ˆ ∼= ∏=p Z. By Theorem 1 in Section 2 of [14] (see also [10]), H is a semidirect
product of a (normal) subgroup W by 	ˆ, where W contains an inﬁnite set J with the
following universal property. If S is a pro-p-group with a continuous homomorphism
	ˆ→ Aut(S), then every map J → S that sends all but ﬁnitely many elements of J to
the identity extends uniquely to a continuous homomorphism W → S that commutes
with the actions of 	ˆ.
Now let S denote the Sylow p-subgroup of G. Fixing any surjective map JS that
sends all but ﬁnitely many elements of J to the identity, the universal property gives a
continuous homomorphism WS that commutes with the actions of 	ˆ. Thus there is a
continuous surjective homomorphism HT , where T is the semidirect product of S by
	ˆ. Since G/S is a ﬁnite cyclic p′-group, there is a continuous surjective homomorphism
 : 	ˆG/S. Let U = ker(), and view U as a closed normal subgroup of T. Then we
have HTT/U ∼= G. 
Note that Gv,A = 1 (i.e., A has semistable reduction) if and only if (tv, t, av, a) =
(0, 0, 2, 2), (2, 2, 0, 0), or (1, 1, 1, 1). Products of elliptic curves with good and/or
multiplicative reduction give such abelian varieties.
Suppose G ∈ p(2 − 1, 2 − 1), with 012, 012.
If (1, 2, 1, 2) = (0, 1, 1, 1), (1, 2, 0, 0), (0, 0, 1, 2), (1, 1, 0, 1), (0, 1, 0, 1) (i.e.,
max{2 − 1, 2 − 1} = 1), then it is easy (using Remark 1.5) to ﬁnd a product A
of two elliptic curves such that G ∼= Gv,A and (tv, t, av, a) = (1, 2, 1, 2). For
example, let E1 be an elliptic curve over F˜ = Qnr2 (the maximal unramiﬁed extension
of Q2) such that Gv,E1 ∼= SL2(F3) (and therefore E1 has additive, potentially good
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reduction). Let L be the smallest extension of F˜ over which E1 acquires good reduction
(so Gal(L/F˜ ) ∼= Gv,E1 ). Let K/F˜ be a quadratic extension disjoint from L (there exist
inﬁnitely many). Let E′2 be an elliptic curve over F˜ with multiplicative reduction
and let E2 be the twist of E′2 by the quadratic character associated to K/F˜ . Then
E2 has additive, potentially multiplicative reduction, and K is the smallest extension
of F˜ over which E2 has semistable reduction, by Theorem 4.3. Therefore KL is the
smallest extension of F˜ over which A = E1×E2 has semistable reduction, so Gv,A ∼=
Gal(KL/F˜ ) ∼= C2 × SL2(F3).
If (1, 2, 1, 2) = (0, 2, 0, 0), let E be an elliptic curve over F˜ with multiplicative
reduction and let B = E2. Then GL2(Z) ⊆ Aut(B). The groups C2, C3, C4, C6,
C2×C2, D8, and S3 can all be embedded in GL2(Z) (embed C2 so that the generator
goes to −1). By Theorem 4.3, for each such G, there is a twist A of B such that
Gv,A ∼= G and v has residue characteristic p. There is a g ∈ G such that g − 1 is in
GL2(Q), and thus induces an isogeny on B. Thus BG is ﬁnite, so A has purely additive
and potentially multiplicative reduction.
From now on, assume (1, 2, 1, 2) = (0, 0, 0, 2). By Lemma 4.5 with n = 5, 8,
10, or 12, we can realize all cyclic groups of order dividing 8, 10, or 12. By Remark
4.2, if G ∈ p(0, 1), then G can be realized as a Gv,A for some abelian surface A with
purely additive and potentially good reduction over some F˜ with residue characteristic
p. So we may assume that G ∈ p(0, 2)− p(0, 1)− (0, 2).
Let p = 2. To realize H160, consider the hyperelliptic curve C : y2−y = x5 of genus
2 over the local ﬁeld F˜ = F¯2((t)) and let J be the Jacobian of C. Then C and J have
good reduction. The maps (x, y) → (x+a, y+a82x2+a4x+b) with , a, b ∈ F16,
5 = 1, and b2 − b = a5 allow one to view H160 as Aut(C) ⊂ Aut(J ) (see [8], pp.
616 and 645–646). Restricting to  = 1 gives the normal subgroup H32. The (only)
nontrivial central element is (x, y) → (x, y+ 1). Apply Theorem 4.3 and Lemma 5.1.
Consider E : y2 − y = x3 over the local ﬁeld F¯2((t)). Then E has good reduction.
It is well-known that Aut(E) = SL2(F3) (see [29] and Appendix A of [27]). The
groups C2 × C6, C4 × C6, C3 × Q8, C3 × D8, and C6 × Q8 all lie in O∗ × O∗ ⊂
GL2(O) = Aut(E2), where O is the maximal order in H2. If G ∈ S4(5), then by
Theorem 4.11, G ⊂ GL2(O) = Aut(E2). Let H denote the semidirect product of
SL2(F3)×SL2(F3) by C2, with C2 acting by interchanging the factors (this is the wreath
product SL2(F3) wr C2). Then H ⊂ Aut(E2), and H128 is the Sylow 2-subgroup of H.
Every subgroup of H of order dividing 273 is a Galois group over F˜ . Apply Lemma
5.1 and Theorem 4.3 with B = E2.
Let p = 3. From now on, let E be the elliptic curve y2 = x3−x over the ﬁeld F¯3((t)).
The maps (x, y) → (a2x + b, ay) for b ∈ F3 and a ∈ F9 ⊂ F¯3 with a4 = 1 allow one
to realize T12 explicitly as a subgroup of Aut(E). In fact, Aut(E) = T12 (see Appendix
A of [27]). Let B = E2. Then T12 × T12 ⊂ Aut(B). Note that C3 × T12 and H36
are subgroups of T12 × T12. Choose  ∈ Aut(E) of order 3. Then
(
 0
0 
)
∈ Aut(B),
S3 ⊂ GL2(Z) ⊂ Aut(B), and C3× S3 ⊂ Aut(B). By Theorem 4.3 and Lemma 5.1, we
can realize T12, C3 × T12, H36, S3, and C3 × S3.
To realize H24, ﬁx a ∈ F9 with a2 = −1 and deﬁne u ∈ Aut(E) by u(x, y) =
(−x, ay). Then u2 = −1 and Z[u] ∼= Z[i]. Note that H24 ⊂ GL2(Z[i]) ⊂ Aut(B),
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since
(
0 −1
−1 −1
)
is an element of order 3 whose subgroup is normalized by the element( −1 i
1+i 1
)
of order 8. Apply Theorem 4.3 and Lemma 5.1.
To realize H72 (and therefore also its subgroups C3 × C3 and C3 × C6), note that
H72 is isomorphic to the subgroup of Aut(B) generated by C3 × C3 and
(
0 1
u 0
)
, and
apply Theorem 4.3 and Lemma 5.1.
Let p = 5. To realize H40 (and therefore also H20), let C be the hyperelliptic curve
y2 = x5 − x of genus 2 over the local ﬁeld F¯5((t)), and let J be the Jacobian of C.
Then C and J have good reduction. The maps (x, y) → (a2x + b, ay) for b ∈ F5 and
a ∈ F25 with a8 = 1 allow one to view H40 as a subgroup of Aut(C) ⊂ Aut(J ). Apply
Theorem 4.3 and Lemma 5.1.
The above abelian varieties A have potentially good reduction (i.e., (t, a) = (0, 2)).
Since Gv,A /∈ p(0, 1), A has purely additive reduction by Theorem 1.7.
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